Signal and Image Processing
for MRI

Fourier Transformation

» The Fourier transform (FT) of a time-domain function
g(t) is a frequency-domain function G(v), or spectrum

G) = [ goe ™™ d
*Extract from g(t) the amplitude of the frequency
component at frequency v.

*The inverse FT (IFT) describes the synthesis of a time
domain signal from sinusoidal components:

gl = [ G(ve!™ dv

—

time, t, and frequency, v, form a FT pair




Fourier Transformation

* In MRI the FT pair: spatial position vectors, x =
(x, y), and spatial frequency vectors, k = (k,, k)

« What is the unit of spatial frequency?
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g(x,v) = j j Gk, k,Ye"*" "k dk,

Sufficient conditions for g(x,y)
*Continuous
eintegrable

Properties of FT

* Linear: FTla,g (x, y) +a,g,(x, ¥)]= a,FT[g,(x, ¥)] + a,FT[g, (x, y)]

* Translation  Frig(x—x,,y— y,)] = Glu,v]e ™)

* Scale  Frg(a|nlbly)]= 6L,
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Convolution

FTL/ (x, »)]=Flu,v]
FT[g(x, »)] = Glu,v]
then

FTLJ[ f (v ) g (=, y'=y)dxdy] = F (u, )G (u,)

HW: Prove it

Dirac delta function
0 x=0
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T5(x)dx =1 unit response

2D
5(x,y)=6(x)5(y)

j: T 5(x)8(y)dxdy =1
Sifting
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k-Space

5(f) = J.l M, (01, 0) ey

Consider a spatially and temporally varying applied magnetic fields
introduced by time varying gradient fields:

B, v.1) =By + G (1) x+G, (1) ¥

Then for a rotating frame

Ao(x,v.0) =7(G (1) - x+G, (1) v)

and
¢m4n)=jyka@yx—egﬂ-yhr
K Space (cont'd)
Signal equation

s(t) = ﬂ M 1y e (X, E) ey

= ﬂ m(x,y)exp(—id(x, v.1))dxdy

= “ m(x,y) exp‘f - ij[ }f(GI (T)-x+G, (1) }')df .l(h'dr

LD

= ”m(x,jr) exp‘f - i}r‘{ i.G_‘. (t)dt-x+ |G (t)dt - v i I!(h'(h'

with
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0=2716.
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s(1) = ” m(x,v) exp(— i2m [:.‘(ff_\, (r) + vk, (f) )y

Ly

= FED {??3(3’,‘1')} |u=kx(1).v=k.,.(£) = ‘Lf{j‘rx ({)“{—J_ (T)}

s(t) = FT{m(x, )} = M (k. (), k, (1))

|:>the signal is equal to the Fourier transform of the initial
magnetization evaluated at locations defined by the k-
space

« SO
— What is k space
— Where does it start
— What control the k-space trajectory

— Ok we sample FT of the magnetization, how
do we get the image




Sampling in k space and Aliasing

« Aliasing: An aliased frequency is a high
frequency temporal or spatial signal
component that is represented at an low
frequency. This results from sampling at
too low a rate to faithfully capture high
frequency components.
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Nyquist criterion

« For a bandlimited time-domain signal with

highest frequency component v,
aliasing will not occur if the sampling rate,
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DFT

N-1 B
G( _.\-'gr) = Z g (f}?AT ) e—..-‘fffnm.-' N

m=0

Digital convolution of two data streams of length N, x1[n] and x2[n], is defined by
N-1

dnl = x[n]* x,[n] = > x [k x,[n— K]
k=0

Comb Functions: infinite series of equidistant Dirac impulses, where adjacent

impulses are a distant of v apart
fize) (FIE(S)
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The original spectrum is preserved without distortion as long as the frequency
spectrum G(v) is bandlimited to frequencies |v| < vs/2 and this is the Nyquist
criterion

Sampling in MRI

« Sampling of k space must be of high enough
frequency to properly represent high-frequency
spatial components.

* Consider the read direction
¥G,FOV, = Sampling Bandwidth = 1/AT
but Ak, = ¥G,AT

AT < 1/(¥GrWr)

:> FOV, = 1/Ak,




Sampling concept
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Sampling MR k space

~ u v
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The image (space) domain eauivalent is:

m(x,y) =m(x,y) **Ak Ak comb(Ak u, Ak v)

X

= m(u,v) ** Z 5(:{—; v ]

k. Ak,
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FOV,= 1/Ak, and FOV, = I/Ak,




IFFT2

k space

image space

K space
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